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The paper is concerned with some aspects of the #uctuating lift acting on a stationary circular
cylinder in cross #ow, in particular e!ects of Reynolds number in the nominal case of a large-
aspect-ratio cylinder at small to vanishing blockage and free-stream turbulence, respectively.
The Reynolds number range covered is from about Re"47}2)2]105, i.e., from the onset of
vortex shedding up to the point where a subsequent increase in Re gives a rapid fall in the mean
drag coe$cient, the all-familiar drag crisis. A review of 2-D numerical simulations suggests that
the r.m.s. lift coe$cient (C

L{
) within the laminar shedding regime can be approximated as

Je/30#e2/90, where e"(Re!47)/47. For all Reynolds numbers above the inception of
three-dimensional #ow instabilities, i.e., for Re'(160}190), the near-wake #ow is supposed to
be partially correlated along the span. The lift #uctuations on a "nite (spanwise) length of the
cylinder are then not only dependent on the sectional lift variations but also on the spanwise
correlation of the lift-related #ow. At around Re"230, which is the approximate onset Re for
mode B instability, the one-sided spanwise correlation length (K) is about twice the wavelength
of the most unstable mode A instability, K/d+7. Up to Re"260}300 the spanwise correlation
increases dramatically, the indicated peak value being K/d+30. From 3-D numerical simula-
tions, the corresponding C

L{
is approximately 0)5, which coincidentally is about the same value

as found experimentally just before the rapid fall when entering the critical regime. Dramatic
variations of both sectional C

L{
and K/d occur within the range ReK0)3]103}2)2]105. For

instance, at around Re"1)6]103 a local minimum of about C
L{
"0)045 is indicated, at

ReK16]103 the corresponding C
L{

-value is ten times higher. At Re"5)1]103 there is a peak
in spanwise correlation, K/d+15. ( 2001 Academic Press
1. INTRODUCTION

THE FLOW AROUND A CIRCULAR CYLINDER has been the subject of intense research in the past,
mostly by experiments but also by using numerical simulation. The #ow situation is of
relevance for many practical applications, e.g. o!shore risers, bridge piers, periscopes,
chimneys, towers, masts, stays, cables, antennae and wires. During the last 15 years there
has been an accelerating interest in blu! body wakes, in particular so for the wake #ow
generated by the circular cylinder. Important "ndings and developments have been made,
especially with regards to three-dimensional e!ects, physical and theoretical modelling, #ow
instabilities, numerical simulation and #ow control, see Williamson (1996a).

A perspective outlook on blu! body #ows in general and #ow around circular cylinders
in particular is presented in Roshko (1993). Despite the above "ndings, some of which have
been made after the publication of Roshko's outlook paper, it seems that still &&the problem
of blu! body #ow remains almost entirely in the empirical, descriptive realm of knowledge''
(Roshko 1993). Roshko, a modern pioneer in this "eld, also wrote: &&Finally, we must
keep in mind the basic problem, to "nd suitable models for the forces on blu! bodies''
889}9746/01/040459#11 $35.00/0 ( 2001 Academic Press
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(Roshko 1993). However, there is no modelling of #uctuating lift to be found in this work.
Such modelling needs to take into proper account the supposedly subtle aspects of
inherently three-dimensional, transitional and lift-related #ow features present in the
near-wake. At present, at least for turbulent shedding conditions, we do not even have
a conceptual description of these intriguing #ow features. The present work should be seen
primarily as an attempt to "nd a better representation of lift-related quantities, as a function
of the Reynolds number. Hopefully, this attempt can stimulate later modelling e!orts.

Under nominal conditions and when present, the #uctuating lift is dominated by the
actions from the periodic phenomenon called vortex shedding, the principal source of
cross-stream #ow-induced vibration and acoustic emissions (Blevins 1990). The #uctuating
lift is due mainly to the #uctuating pressures acting on the surface of the cylinder (Drescher
1956; Kwon & Choi 1996) and except for the rearmost part of the cylinder the pressure
#uctuation energy is concentrated to a band around the mean shedding frequency
f
S

(Sonneville 1976). The alternate periodic shedding causes the pressure #uctuations at
around f

S
to be essentially out-of-phase between the upper and lower side of the cylinder

(Gerrard 1961), i.e., the lift #uctuation energy is concentrated to a band around f
S
. The

amplitudes of #uctuating drag, which are signi"cantly smaller than the #uctuating lift
(Bouak & Lemay 1998; Posdziech & Grundmann 2000), are dominated by #uctuating
pressures which are in-phase between the upper and lower side of the cylinder, which in turn
are concentrated to very low frequencies and to a band around two times f

S
(Sonneville

1976). The Strouhal number, the nondimensional shedding frequency, is de"ned as
St"f

S
d/;, where d is the cylinder diameter and ; is the (assumed constant) oncoming

free-stream velocity. The Reynolds number in the assumed incompressible #ow is de"ned as
Re"o; d/k, where o is the density and k is the dynamic viscosity of the #uid. All #uid
properties are assumed to be constant.

The nominal case under consideration is #ow around a nonvibrating cylinder with
negligible e!ects of surface roughness, with a large enough aspect ratio l/d and with suitable
end conditions (Williamson 1989) at vanishing or very small solid blockage ratios (wall
con"nement) and free stream turbulence, respectively. These additional factors have all been
shown to have an in#uence on the #ow in general and on the #uctuating lift in particular,
see, e.g., Farell (1981) and Blevins (1990) and references cited therein. In this work, the
Reynolds number range of principal interest is from ReK47 to K2]105, i.e., from the
onset of vortex shedding up to the end of the subcritical regime where there is a rapid
decrease in mean drag coe$cient with increasing Re, the so-called drag crisis. For higher
Re, see Farell (1981) and Ribeiro (1992).

The r.m.s. (root-mean-square) lift coe$cient is de"ned as

C
L{
"

2¸@
o;2d l

c

, (1)

where ¸@ is the r.m.s. of lift #uctuations acting on a spanwise segment of length l
c
. The

sectional r.m.s. lift coe$cient is the r.m.s. lift coe$cient for which the segment length is
vanishingly small (l

c
/dP0). The sectional lift can thus be seen as lift per unit span. The total

lift #uctuations are de"ned as those acting on the whole cylinder length exposed to #ow
(l

c
"l). The #uctuating lift on a "nite cylinder segment is dependent on the degree of three

dimensionality in the shedding #ow close to the cylinder. One measure of this three
dimensionality is the span-wise or axial correlation length scaled with the diameter, K/d
(Blake 1986). The scarceness of data for this quantity is even larger than for the r.m.s. lift
coe$cient (Ribeiro 1992). A near-wake spanwise correlation study is presented in Norberg
(2000), extending down to Re"230 and using hot wire anemometry. Knowledge of
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spanwise correlation also has a great signi"cance for vortex-induced sound generation
(Folian tones) and for the important question of the necessary spanwise computational
dimension to capture signi"cant #ow-dynamic features in three-dimensional (3-D) numer-
ical simulations.

In almost every #uid mechanics textbook there is a graph for the circular cylinder in
cross-#ow, showing the variation of mean drag coe$cient C

D
versus Re. Since the extensive

measurements of Wieselsberger (1921) and Roshko (1961), the general appearance of this
graph is unaltered. Corresponding graphs for the r.m.s. lift coe$cient, C

L{
versus Re, are

much more inde"nite, despite the various compilations that have been presented, e.g., see
Morkovin (1964), Blevins (1990) and Ribeiro (1992). For a continuous #ow situation the
very "rst measurement of #uctuating lift was carried out by Drescher (1956). Since then,
a vast amount of data has been gathered. However, when plotting out all r.m.s. lift
coe$cients as a function of Reynolds number the picture becomes increasingly scattered
and inconclusive. It is also evident from such a plot that almost all measured C

L{
-data is

restricted to Re'6]103. However, in 1992, the author presented experimental data on the
sectional r.m.s. lift coe$cient for Reynolds numbers between 720 and 2]105 (Norberg
1993). Many further results, and extensive experimental details, are contained in a compre-
hensive companion paper (Norberg 2000).

The main objective of this work is to make an overview of the #uctuating lift acting on
a circular cylinder, especially regarding the in#uence of Reynolds number and the relation
between #uctuating lift and #ow features in the near-wake region.

2. SUMMARY OF RESULTS ON LIFT-RELATED QUANTITIES

Compilation graphs on St, C
L{

and K/d versus Re are shown in Figures 1, 2 and 3. Solid
lines refer to empirical functions as presented in Norberg (2000). As with all empirical
functions they are open for re-evaluation when more data has been collected.

The shaded region in Figure 1 corresponds to the bandwidth (!3 dB) of the shedding
peak frequency (Norberg 1993). Smoke-wire #ow visualizations (Norberg 1992, 1993) reveal
Figure 1. Strouhal number versus Reynolds number.



Figure 2. R.m.s. lift coe$cient versus Reynolds number.
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that the change-over to a low-quality shedding at ReK5)1]103 is associated with
a transitional change in the three dimensionality of near-wake vortex shedding, more
speci"cally with an increasing degree of spanwise waviness of primary vortices and by the
(somewhat later) inception of naturally occurring and random-positioned vortex disloca-
tions, also see Prasad & Williamson (1997b).

The experimental lift data in Figure 2 only contains sectional or near-sectional lift
coe$cients (l

c
/d41). A summary of previous laboratory measurements of both sectional

and total lift #uctuations, for Re(3]105, is found in Norberg (2000), where tables
summarizing previous results on #uctuating lift from 2-D and 3-D numerical simulations
are also provided. As evident from Figure 2 dramatic variations in C

L{
occur at turbulent

shedding conditions. Corresponding variations in Strouhal number (Figure 1) are much
more gentle.

For turbulent shedding conditions (approximately Re'260) and with increasing Re
there is a general downward trend in K/d versus Re, see Figure 3. However, a local
maximum occurs at ReK5]103, previously noted by Norberg (1987), which coincides with
the Reynolds number with inception of low-spectral-quality shedding (Figure 1).

3. FLUCTUATING LIFT AND SPANWISE CORRELATION

Assuming spanwise #ow homogeneity, the ratio, c
L
, between r.m.s. lift on a "nite length

l
c

and sectional r.m.s. lift times l
c

is (Kacker et al. 1974)

c
L
"

1

l
c
C2P

lc

0

(l
c
!s)R

LL
(s) dsD

1@2
, (2)

where R
LL

(s) is the correlation coe$cient, at zero time delay, between sectional lift forces
separated a spanwise distance s. Since lift is dominated by actions of surface wall pressures,
an accurate approximation for R

LL
is the lift correlation based on sectional pressure forces.

As discussed in Ribeiro (1992), also see Sonneville (1976) and Moeller (1982), the correlation
coe$cient, R

pp
(s), between #uctuating wall pressures along the generator at u"903(the



Figure 3. Spanwise correlation length versus Re.
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mean stagnation line at u"03) or between #uctuating velocities along a generator close to
the separated shear layers but not too far from the cylinder, R

uu
(s), can also provide

a reasonable estimate for R
LL

, i.e., R
LL

(s)+R
pp

(s)+R
uu

(s). With a known or estimated
correlation function R

LL
, equation (2) can be used to convert the "nite section r.m.s. lift

coe$cient to the sectional r.m.s. lift coe$cient. &&Present'' results in Figure 3 were obtained
using R

LL
+R

uu
, see Norberg (2000).

The one-sided spanwise correlation length K and the centroid of spanwise correlation p,
related to the #uctuating lift, are de"ned as (Blake 1986)

K"P
=

0

R
LL

(s) ds, p"K~1P
=

0

sR
LL

(s) ds. (3, 4)

At large separations and for turbulent shedding conditions R
LL

is expected to vanish,
R

LL
(sPR)"0. In reality, the upper limits in equations (3) and (4) have to be "nite and for

convenience, neglecting e!ects of end disturbances, they can be set to the full length of the
cylinder. A neglect of end disturbances implies a su$ciently large aspect ratio, and under
such circumstances and when the segment length l

c
equals the full length l in equation (2)

the lift ratio becomes (Keefe 1961)

c(
L
"l~1J2K(l!p). (5)

This is the ratio between the total r.m.s. lift coe$cient and its sectional counterpart (Keefe
1961). Naturally, c(

L
equals unity in fully correlated #ow (K"l, p"l/2). For turbulent

shedding conditions the centroid appears to be of the same magnitude as the correlation
length (Leehey & Hanson 1971; Norberg 2000). The exponential drop, R

LL
"exp(!s/K),

which seems to work well as a model function for Re'8]103 (Norberg 2000), gives p"K.
For a su$ciently long cylinder and for partially correlated conditions the lift ratio becomes

proportional to JK/l. Eventually, with increasing aspect ratio l/d, the r.m.s. lift coe$cient
based on the #uctuating lift acting on the full length of the cylinder goes to zero, the total

r.m.s. lift being proportional to Jl/d.
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4. FINAL REMARKS*FACTS AND SPECULATION

4.1. LAMINAR SHEDDING

Onset of vortex shedding occurs at Re"Re
c
K47 (Provansal et al. 1987; Norberg, 1994).

Obviously, Re
c

is also the onset of #uctuating lift. The onset can be characterized
as a supercritical Hopf bifurcation which as well as the resulting stable two-
dimensional periodic shedding close to onset can be described by the Stuart}Landau
equation (Provansal et al. 1987). A supercritical parameter may be de"ned:

e"
Re!Re

c
Re

c

. (6)

As suggested from the Stuart}Landau equation, at least close to the onset, the limit-cycle
amplitude of periodic velocity #uctuations in the #ow is proportional to e1@2 (Schumm et al.
1994). Although not fully established as a theoretical fact, it seems that the sectional lift
amplitude is linearly related to velocity #uctuations close to the cylinder. For laminar
shedding the lift #uctuations are virtually indistinguishable from a sinusoidal variation
(Kwon & Choi 1996). Consequently and to leading order, a square-root dependency for the
r.m.s. lift coe$cient versus Re is expected, C

L{
Je1@2. Results from 2-D simulations within

the laminar shedding regime, e.g. Posdziech & Grundmann (2000), support this initial
square-root dependency. For higher Reynolds numbers a gradual change to a linear
variation is indicated. Based on published 2-D simulation data for Re4200, see Norberg
(2000), the following approximate formula is suggested (Re

c
"47):

C
L{
"Je/30#e2/90. (7)

In summary, the r.m.s. lift coe$cient increases rapidly within the laminar shedding regime.
At the highest attainable Reynolds number for two-dimensional #ow, ReK190, the r.m.s.
lift coe$cient is C

L{
"0)45 (Posdziech & Grundmann 2000).

4.2. WAKE TRANSITION

Following Williamson (1996a), the natural wake transition follows the sequence
(2-DPA*PB). Mode A* is a highly disturbed #ow state comprising a mix between mode
A instability structures and large-scale dislocations (Williamson 1992). For obvious reasons
the change from 2-D to A* involves a dramatic decrease in the spanwise correlation of
velocity #uctuations in the wake. It also involves a signi"cant drop in shedding frequency
and its associated spectral quality (Norberg 1987; Williamson 1988, 1996b). The sectional
r.m.s. lift coe$cient is expected to decrease in this process (Zhang et al. 1995). Measure-
ments in Norberg (2000) indicate for Re"230 a spanwise correlation length of about
7 diameters, which is about twice the wavelength of the most unstable mode A instability
(Barkley & Henderson 1996). As shown in Norberg (1994) a relatively weak in#uence of the
necessary aspect ratio to obtain independent global results is indicated for the range
ReK165}230. This suggests a rather low spanwise correlation for this initial, A*-domin-
ated part of the wake transition regime, also see Roshko (1954). Within #ow state A* and
with increasing Re both Strouhal number (Williamson 1996a) and r.m.s. lift coe$cient
(Zhang et al. 1995) increases.

Mode B instability involves the generation of rib-like streamwise vortices with a spanwise
wavelength slightly less than one diameter. With the inception of mode B (Re+230), mode
A being in a declining phase, there is a stabilization on the near-wake vortex shedding
(Williamson 1996b). With a subsequent increase in Re, mode B gradually becomes the
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dominant 3-D wake feature (Williamson 1996b), and during this process the spanwise
correlation is expected to increase. As shown in Williamson (1996b), the shedding #ow at
ReK260 exhibits a remarkable high spanwise coherence. Experiments in Norberg (2000)
indicate a spanwise correlation length of about 9)5 diameters at Re"240 rising to
a maximum of about 30 diameters at Re"260}300. The high K/d is in conformity with the
very large aspect ratios which are needed for independent results at around these Reynolds
numbers (Norberg 1994).

After the inception of mode B and with an increase in Re, the r.m.s. lift coe$cient
continues to increase (Zhang et al. 1995). However, based on the simulations by Zhang et al.
there seems to be a local maximum reached for C

L{
at around the same point where there is

a peak in base suction (Williamson & Roshko 1990; Norberg 1994), which also coincides
with the re-introduction of an extremely high spectral quality of the shedding frequency, at
ReK260 (Norberg 1987).

4.3. TURBULENT SHEDDING

Based on previous measurements, e.g. Roshko (1954), Bloor (1964), Gerrard (1978), Norberg
(1987), Unal & Rockwell (1988) and Williamson (1996b), the transition to turbulence in the
wake reaches the vortex formation region somewhere within ReK260}300. Turbulent
shedding conditions prevail for all higher Re. In vortex shedding #ows, the actual point or
streamwise position of wake transition is meaningful only in the time-averaged sense, given
that there is a workable de"nition of &&transition to turbulence''. However, at these rather
low Reynolds numbers, such a de"nition has not yet been given and consequently there are
no precise quantitative results reported. A complication is that the wake transition at these
Re appears linked to multiple and strongly interacting wake instabilities (Morkovin 1964;
Williamson 1996b). At higher Re the transition appears to be more distinct and rapid, with
a stronger linkage to speci"c sub"elds, e.g. see Bloor (1964).

As from the onset of turbulent shedding and with increasing Re there seems to be an
increasing disorder in the "ne-scale three dimensionalities associated with the secondary
and essentially streamwise-oriented vortices of type mode B (Williamson 1996a). As shown
in Brede et al. (1996) the normalized circulation of the secondary mode B vortices (scaling
with;d) increases by as much as 50% in between ReK300 and 500 (which is their highest
attainable Re). This increase in secondary (essentially streamwise) circulation occurs prob-
ably at the expense of the primary (essentially spanwise) circulation associated with the
roll-up of the von KaH rmaH n vortices (Mansy et al. 1994). Consequently, since the alternate
roll-up is closely related to #uctuating lift, C

L{
drops with increasing Re.

The indicated spanwise correlation length at Re"1)6]103 is approximately 8 cylinder
diameters while the corresponding local minimum of the sectional r.m.s. lift coe$cient is
only C

L{
K0)045 (Norberg 2000). It is to be noted that from about Re"270}1400 the total

r.m.s. lift force on a large-aspect-ratio cylinder, proportional to C
L{

]Re2]JK/d [equa-
tions (1) and (5)], is indicated to be approximately constant. It seems appropriate to classify
this remarkable behaviour (and the subsequent very low r.m.s. lift coe$cient at
ReK1)6]103) as a lift crisis. The suggested variations for C

L{
and K/d (Norberg 2000)

indicate that the corresponding increase in free-stream velocity with a factor of about
5 (1400/270"5)2) will only cause a $15% variation in the total r.m.s. lift acting on the
cylinder! As a perspective, the total mean drag increases by about a factor 600 (C

D
+1).

Within the initial part of the turbulent shedding regime, up to about Re"5]103, the
streamwise position of wake transition appears to be rather "xed with respect to the
cylinder, although being upstream of the mean position of wake closure (Bloor 1964). It
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seems, at these Re, that the transition to turbulence in the wake is not due to a shear-layer
instability; if so, the position ought to be moving towards the cylinder with increasing
Reynolds number. Instead, it is suggested that the wake transition has its origin in the
near-wake development of the rib-like secondary vortices of mode B type. As such, a rib-like
vortex structure is swept across the wake centre line, being on the upstream side of its
associated von KaH rmaH n vortex within the connecting braid shear layer inside the formation
region (Bays-Muchmore & Ahmed 1993; Brede et al. 1996; Lin et al. 1996), there will be
a rapid stretching of the structure itself which, in connection with possible interactions with
the primary roll-up, leads to a rapid breakdown into small-scale turbulence. However, it
seems that the mode B vortices also have some sort of a timing or regulating role for the
vortex shedding process. As from about Re"260}5)1]103, the spectral quality of the
shedding frequency is extremely high (Norberg 1987). The stabilization of the shedding
frequency for the circular cylinder may be related to a feedback mechanism in between the
rib-like vortices, the developing von KaH rmaH n vortices and ultimately with the separation
process, causing small but regulating undulations of the separation line.

The subsequent increase in C
L{

from about Re"1)6]103 seems to coincide with the
point where shear-layer vortices show up as important ingredients in the near wake (Prasad
& Williamson 1997a). The shear-layer vortices will introduce additional shear stresses to
the near wake and to balance this (Roshko 1993) the formation region shrinks and the base
suction increases (Linke 1931; Bloor 1964; Norberg 1994, 1998). Consequently, the sectional
C

L{
increases, at "rst rather slow but then at an increasing rate, especially within

Re"5]103 to 7]103 (Figure 2). A local maximum in K/d occurs at Re"5)1]103,
K/d+15. At this point, a change-over in the wake transitional process is suggested; below
ReK5]103, the (mean position of) transition to turbulence occurs at some near-constant
distance upstream of the (mean) wake closure, the transition being triggered by actions of
secondary vortices of type mode B; for higher Re the transition instead is primarily
governed by a Kelvin}Helmholtz instability mechanism within the separated shear layers,
at a (mean) position which thereafter is moving upstream with increasing Re. At the critical
Re the two (mean) streamwise positions coincide causing a resonance-like behaviour,
presumably in-between spanwise length scales of mode B vortices and shear-layer vortices
(Norberg 1998). For Re'5]103, due to the change-over in the position of wake transition,
the harmony between the mode B vortices and the roll-up of von KaH rmaH n vortices is lost,
and this causes more and more disruptions to the vortex shedding process, e.g. a signi"cant
spanwise undulation of developing von KaH rmaH n vortices, a characteristic lift amplitude
modulation and a spectral broadening of the shedding peak frequency. Occasionally, these
disruptions lead to random-positioned vortex dislocations, along the span and within the
vortex formation region. During such events the local sectional lift amplitude is very low.

The change-over from the &&high-quality'' shedding mode displaying a fairly regular
vortex shedding with only minor spanwise undulation of the developing von KaH rmaH n
vortices to the &&low-quality'' shedding mode displaying signi"cant spanwise undulations
and occasional but characteristic vortex dislocations appears to be fully completed at
ReK8]103 (Norberg 1993, 1998). At ReK104 the transition in the separated shear layers
has reached a mean position corresponding to just above the base point of the cylinder
(Linke 1931; Bloor 1964; Norberg 1998). As from about this Re the variations of C

L{
and

K/d with increasing Re slow down (Figures 2 and 3), the probable reason being the
diminishing relative importance of the actual position of wake transition on the global #ow
development. At ReK1)6]105, due to the closeness of transition in the separated shear
layers, the "rst signs of a reattachment behaviour becomes visible in the measured r.m.s.
pressure distributions, at uK1053 (Norberg 1993). With a subsequent increase in Re, the
build-up to a fully reattached #ow continues, the position of laminar separation moves
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downstream, the wake narrows and the Strouhal number increases, and "nally at
ReK2)3]105 there is a rapid fall in both C

D
and C

L{
when entering the critical regime.

DEDICATION

This paper is submitted in honour of the outstanding achievements, insightful publications
and contributions in this "eld over the last 50 years made by Professor Anatol Roshko
(California Institute of Technology, Pasadena, U.S.A.). At the last day of the IUTAM
Symposium related to these proceedings (16 June 2000), Professor Roshko mentioned that
the "rst time he &&dipped'' the hot wire into the shedding wake was in August 1950. The
publication &&On the development of turbulent wakes from vortex streets'' was published
4 years later (Roshko 1954). Among other things this classic work contains the Roshko
relation for the St}Re variation within the laminar shedding regime, as Roshko refers to as
the stable range. This relation, which has resisted the ravages of time, was not veri"ed until
1987 when the author presented his thesis work (Norberg 1987).
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